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Atoms confined in a three-dimensional dissipative optical lattice oscillate inside potential wells,
occasionally hopping to adjacent wells, thereby diffusing in all directions. Illumination by a weak
probe beam modulates the lattice, yielding propagating atomic density waves, referred to as Brillouin
modes which travel perpendicular to the direction of travel of the probe. The probe is made incident
at a small angle relative to a lattice symmetry axis, yielding a driving potential perturbation whose
spatial period is not a multiple of the period of the underlying optical potential, thus enabling explo-
ration of the regime of space quasiperiodic drive. A new theory, based on the Fourier decomposition
of the current into its atomic density wave contributions, reveals that unlike the previously studied
time quasiperiodic case, wherein a lattice driven by two incommensurate frequencies may exhibit
abrupt suppression in directed current as the driving transitions from quasiperiodic to periodic, a
spatial-quasiperiodically driven lattice exhibits no such abrupt response. Further, detailed model-
ing of spatial-quasiperiodically driven lattices reveals that directed propagation occurs not only as a
consequence of velocity-matching between the propagating modulation and the average velocity of
the atom oscillating inside a well as was previously reported in the literature, but, also as a distinct
consequence of a new mechanism, namely, frequency-matching between the modulation frequency
and the oscillation frequencies. A systematic measurement of the transmitted probe spectra as a
function of off-axis probe angle is presented, which is consistent with the velocity-matching and
frequency-matching predictions from the detailed model.

Light-induced forces on matter over wavelength and
sub-wavelength spatial scales have wide applicability in
quantum sensing and metrology [1], ranging from the
novel design of periodic potential landscapes [2–4] to the
innovative transport and sorting of particles [5]. In par-
ticular, considerable interest has focused on the Brow-
nian noise-induced directed motion of particles in the
absence of a net force [6–8]. These Brownian ratch-
ets are central to any discussion of nanoscale transport,
ranging from how natural biomolecular protein motors
fuelled by stochastic collisions with surrounding water
molecules transport intracellular cargo, to the design of
artificial nanomachinery that can efficiently convert ran-
dom environmental fluctuations to useful work [6]. On a
fundamental level the study of these Brownian ratchets
enables an analysis of limitations imposed by the sec-
ond law of thermodynamics in nonlinear stochastic pro-
cesses [7, 8]. Cold atoms confined in dissipative optical
lattices, where environmental noise in the form of spon-
taneous emission is significant, serve as ideally-controlled
models that offer key insights into understanding Brow-
nian ratchets [6, 9, 10, 12–31].

A dissipative optical lattice consists of counter-
propagating laser beams tuned near atomic resonance
that yield AC Stark-shifted ground state potential
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wells [32]. Atoms in the lattice undergo the well-known
process of Sisyphus cooling, and settle into these wells,
where they oscillate with a vibrational frequency that is
determined by the well-depth [14]. The stochastic optical
pumping processes associated with Sisyphus cooling also
cause the atoms to occasionally transfer between adja-
cent wells, leading to spatial diffusion of the cold atom
sample [14, 33]. The introduction of a weak probe beam
along a symmetry axis of the lattice, results in a time-
periodic driving of the lattice that breaks the symmetry,
causing directed atomic density waves to be set up. The
directed propagation proceeds in the absence of a net
force. These propagating atomic density waves are re-
ferred to as Brillouin modes in analogy to acoustic waves
rippling through a fluid [10, 16, 18, 31]. However, as
noted earlier, whereas in fluids the particle interactions
are sufficiently strong to support the acoustic wave prop-
agation, in the dilute optical lattice the directed density
wave propagation proceeds without involving any inter-
action between the atoms [10]. Recently, a noise-induced
resonant enhancement of this directed propagation was
observed [31], and a new theory, based on the Fourier de-
composition of the current into its atomic density wave
contributions [34], was developed to explain this stochas-
tic resonance. This theory was also able to successfully
predict the thresholds for the transition to the regime of
infinite density in the cold atom setup [34, 35].

In this paper, we investigate the driving of the lattice
by illuminating the cold atoms with a probe beam prop-
agating at a slight angle to the lattice symmetry axis. In
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this case, the spatial period of the driving perturbation
is now not an integer multiple of the period of the under-
lying lattice potential. This allows, at least theoretically,
for the possibility of the two spatial driving frequencies
to be in irrational ratio, which permits the exploration
of spatial quasiperiodic driving in these systems, in anal-
ogy with the time quasiperiodic case, wherein the lattice
is driven by two incommensurate frequencies [6, 9, 36–
38]. In the present spatial quasiperiodic case, though,
we will show that the generated directed current is not
as sensitive to the nature of the driving as in the time
quasiperiodic case, where true quasiperiodicity is able
to suppress the directed motion. Here the transition
from periodicity to quasiperiodicity is not observed to
be sharp. However, the chosen setup, where the spatial
periods of the underlying lattice and the driving are basi-
cally uncoupled, sheds light on how the Brillouin modes
are generated. Detailed modeling reveals that there are
two distinct mechanisms responsible for the origin of di-
rected propagation. The velocity-matching mechanism,
where a current is generated when the propagating mod-
ulation coincides with the average velocity of the atom
oscillating inside a well, was identified earlier [10], and in
subsequent works [16, 18, 31]. Here, we identify a new
mechanism, where a directed current is produced when
there is a frequency-matching between the modulation
frequency and the oscillation frequencies. We present a
systematic measurement of the pump-probe spectra as a
function of off-axis probe angle (the lattice beams collec-
tively serve as the pump), which corroborates the predic-
tions from both mechanisms, without being able to rule
out any one of them, or being able to resolve whether
one is more dominant. Indeed, our investigation suggests
that both mechanisms are equally at play.

The paper is organized as follows. In Sec. I we define
the system model studied. New analytical results, based
on a Fourier decomposition of the current, are discussed
in Sec. II. Numerical simulations and experiments are
discussed in Sec. III and IV, respectively. Finally, Sec. V
ends with the conclusions.

I. SYSTEM MODELS

We consider atoms confined in a so-called 3D-lin⊥lin
optical lattice [14], formed by the superposition of four
red-detuned laser beams ~k1−4, of identical amplitudes
E0, and frequency ωl in a tetrahedral configuration, see
Fig. 1(a). For Fg = 1/2→ Fe = 3/2 atoms the lattice is
formed by just two light-shifted ground state ±1/2-spin
potentials, denoted by U+ and U−. An additional weak
probe laser of amplitude Ep and frequency ωp, forming
an angle θp with the z-axis and with its polarization par-
allel to the y-axis, is added to drive the system out of
equilibrium and put the atoms in directed motion [10],
θp = 0 in Fig. 1(a, b) and θp 6= 0 in Fig. 1(c, d). In
the experiments, this model is already a simplification,
since the atoms have a more complex transition than
Fg = 1/2 → Fe = 3/2, but the theoretical results are
still expected to provide good qualitative insight [39].

Following previous studies [10, 16–18, 31, 34, 40], we
focus on movement along one of the directions, taken as
the x-axis. The optical potential in each ground state,
associated with the above setup is then given by (after
taking y = z = 0, see appendix A)

U±(x, t) =
U0

2

[
− 3

2
− 1

2
cos(2k0x)± cos(k0x)

+εp cos(k0x+ kl sin θpx− δpt)
+εp cos(−k0x+ kl sin θpx− δpt)

±εp cos(kl sin θpx− δpt)
]
, (1)

where k0 = kl sin θx, kl = ωl/c is the laser beam wave
number, δp = ωp−ωl is a small probe detuning relative to
the lattice (δp/ωl � 1) [41] which modulates the lattice
and is also referred to as the driving frequency, U0 =
−16h̄∆′0/3, with ∆′0 (< 0) being the light-shift per lattice
field, and εp = Ep/(2E0). The optical well-depth U0

defines a vibrational frequency associated with an atom

FIG. 1. 3D-lin⊥lin tetrahedral lattice illuminated by a weak
probe. (a) and (b) depict the case of space periodic driv-
ing: The probe propagates along the z-axis, which is the
lattice symmetry axis. (c) and (d) show the case where
the space period of the driving is not a multiple of the pe-
riod of the underlying optical lattice: The probe propagates
along a direction forming an angle θp with the z-axis. Here,
|∆~k1| = k0 + kl sin θp and |∆~k2| = k0 − kl sin θp, where kl is
the laser wave number, and k0 = kl sin θx.
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of mass ma oscillating at the bottom of a well,

Ωx = k0

√
3U0/2ma = 4 sin θx

√
|∆′0|ωr, (2)

where ωr = h̄k2
l /(2ma) is the recoil frequency.

The probe perturbation in (1) appears in three terms:
For θp < θx, the first probe term in (1) represents a
modulation propagating to the right with phase veloc-
ity v1 = δp/(k0 + kl sin θp), the second probe term a
modulation propagating to the left with velocity v2 =
−δp/(k0 − kl sin θp), and the final probe term a mod-
ulation moving with velocity v3 = δp/(kl sin θp) to the
right or left depending on which side of the z-axis θp lies
on; for θp as indicated in Fig. 1(c,d) v3 is to the right.
Each of these terms will excite atomic density waves. The
contributions of v1 and v2 to Brillouin propagation were
discussed in [10, 11], but the role of v3 in directed prop-
agation has not been emphasized in the literature. The
reason is that most of the previous works focused on the
case of θp = 0 [16, 18, 31, 34], which causes the last term
in Eq. 1 for the potential to reduce to a pure function
of time. In this case, no force is associated with the last
term, and the term is neglected. For the sake of simplic-
ity in keeping track of the contribution from v3 versus
the contributions from v1 and v2, we consider them sep-
arately in the theoretical considerations that follow.

Thus, the first system model to consider, denoted as
case (a), is the following optical potential, which accounts
for the third probe term in (1) moving with velocity v3,
and is given by

U
(a)
± (x, t) =

U0

2

[
− 3

2
− 1

2
cos(2k0x)± cos(k0x)

±εp cos(kpx− δpt+ φp)
]
, (3)

where kp = kl sin θp is the driving wavenumber, and φp is
a probe phase which has been introduced for convenience
in the analytical calculations to be presented below. Here
the potential perturbation changes sign with the specific
atomic state. Terms of this kind are also generated with
a x-polarized probe.

Next, we consider the case of the following optical po-
tential, denoted as case (b), which accounts for the first
two probe terms in (1), and is given by:

U
(b)
± (x, t) =

U0

2

[
− 3

2
− 1

2
cos(2k0x)± cos(k0x)

+εp cos(kpx− δpt+ φp)
]
, (4)

where, by setting the driving wavenumber kp to now be
kp = |∆~k1| = k0 + kl sin θp, or kp = |∆~k2| = −(k0 −
kl sin θp), we can study the effects introduced by the first
and second probe terms, respectively. See Figs. 1 (b) and
(d) for an illustration of ∆~k1 and ∆~k2. Clearly, if θp = 0,
|∆~k1,2| = |∆~k| = k0.

Note that the on-axis case θp = 0, recently investigated
in Refs. [31, 34], produces a space periodic perturbation,
because the wave number of the driving field kp is the

same as that of the underlying lattice, k0. On the other
hand, a probe angle 0 < θp < π/2 such that kp/k0 is an
irrational ratio produces a space quasiperiodic drive.

We shall see below in Sec. III that if we wish to deter-
mine whether the directed propagation changes abruptly
as we transition between space periodic and quasiperi-
odic driving, as was observed in the previously studied
time quasiperiodic case for a lattice driven by two incom-
mensurate frequencies [6, 9, 36–38], it is advantageous to
focus on system model (a). On the other hand, if the
focus is on trying to understand how modes of directed
propagation are generated (as was the case in previous
works, e.g. Ref. [10, 11]), we may choose to study either
system model (a) or (b) because they both yield simi-
lar results - in fact, we shall see in Sec. III that system
model (b) is mathematically simpler to analyze, hence
the more favorable choice. This is probably another rea-
son why the role of the v3-term and system model (a) has
been historically underemphasized - the above mentioned
previous works were focused on Brillouin transport, not
on the transition to quasiperiodicity where the v3-term
deserves most attention.

In the semi-classical approximation [39], the atoms in
the ground state |±〉 are described by the phase space
density P±(x, p, t) at the position x with momentum p,
which satisfies the following coupled Fokker-Planck equa-
tions [

∂

∂t
+

p

ma

∂

∂x
− U ′±(x)

∂

∂p

]
P± =

−γ±(x)P± + γ∓(x)P∓ +
∂2

∂p2
[D0P±] , (5)

where U ′± = ∂U±/∂x, and

γ±(x) = g0 ± g1 cos(k0x) + g2 cos(2k0x) (6)

are the transition rates between the ground state sub-
levels, defined in terms of Γ′, the photon scattering rate
per lattice beam, as g0 = 2Γ′/3, g1 = 8Γ′/9, g2 = 2Γ′/9,
and D0 = 5h̄2k2

0Γ′/18 is a noise strength describing the
random momentum jumps that result from the interac-
tion with the photons. As in [34], we are neglecting
the probe contribution to the transition rates, the ra-
diation forces, and noise terms, since their effect is ob-
served to be small in the simulations. Note that this
approach is in contrast to the qualitative arguments pre-
sented in [11] where the Brillouin-like directed motion
was attributed to a synchronization of the probe-induced
potential well depth modulation with the probe-modified
transition rates between the ground state sub-levels of the
Fg = 1/2→ Fe = 3/2 atom.

Directed motion is characterized by the current, de-
fined as the average atomic velocity

〈v〉 = limt→∞
〈[x(t)−x(0)]〉

t =

limt→∞
1
t

∫ t
0
dt′
∫
dx
∫
dp p

ma
[P+(x, p, t′) + P−(x, p, t′)].(7)

In Sec. II below, we present analytical expressions for
the current which enable us to quantify the individual
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contributions from various atomic density modes excited
by the probe. These analytical expressions help us under-
stand the plots generated by numerical solution of equa-
tion 5, which are presented in Sec. III.

II. ANALYTICAL RESULTS

Following the method presented in Ref. [34], we
Fourier-decompose the current in (7) into contributions
arising from atomic density modes excited by the probe.
Using l, n, m to denote the mode numbers, so that
the mode has a frequency ω = lδp and wave number
k = nk0 +mkp, we obtain, in terms of the amplitudes of
the excited atomic density waves,

P±[l, n,m] =
δp
2π

∫ 2π/δp

0

dt e−ilδpt
∫
dx ei(nk0+mkp)x∫
dpP±(x, p, t),(8)

expansions for the current.
The full expressions for the currents 〈v〉(a) and 〈v〉(b)

for the setups defined by (3) and (4) for the U (a) and
U (b) systems, respectively, are given in appendix B. In-
terestingly, the expression for the special case kp = k0 in
system U (a) has extra terms, highlighted in blue (light
grey) in (B5), that cannot be obtained from the more
general quasiperiodic case (kp/k0 irrational) in equation
(B3) just by simply taking the limit kp → k0.

Before commenting further on Eqs. (B3)–(B5) for the
U (a) system, it is instructive to consider the analytic
mode expansion for, say, the case of U (b), which has been
qualitatively discussed previously in Refs. [10, 11]: Below
we restrict ourselves to those terms that are O(εp).

〈v〉(b) = 〈v〉(0) +
ma

maF0g1 − 2D0k0

×

[
Im
[
eiφpP+[1,−2, 1]

]
F0Fp(2k0 − kp)

2makp

+
Im
[
eiφpP+[1,−1, 1]

]
F0Fp(−k0 + kp)

makp

+
Im
[
eiφpP+[1, 0, 1]

]
2Fpk0δ

2
p

k2
p

+
Im
[
eiφpP+[1, 1, 1]

]
F0Fp(k0 + kp)

makp

−
Im
[
eiφpP+[1, 2, 1]

]
F0Fp(2k0 + kp)

2makp

]
, (9)

where 〈v〉(0), given in Eq. (B4), contains intrinsic terms
not related to the probe, and the force amplitudes are
given by F0 = k0U0/2 and Fp = U0εpkp/2. Equation (9)
is valid for an arbitrary kp, including the periodic case
kp = k0, which was validated numerically in Ref. [34].
The expansion (9) provides a precise analytical decom-
position into the current’s contribution of each excited

atomic wave. Despite its apparent complexity, when
combined with a numerical calculation of the atomic wave
amplitude, it is of great use to highlight the behavior of
an individual atomic mode when a parameter is varied in
the system, thus providing valuable physical insight, as
it will be shown in the following section.

From simple inspection, one can deduce from (9) that
the current diverges when the common denominator,
maF0g1 − 2D0k0, vanishes, a phenomenon known as go-
ing into the regime of infinite density [34, 35]. On the
other hand, the current contributions from all modes ex-
cept [1, 0, 1] are seen from (9) to vanish for specific values
of the probe wavelength kp (the contribution of [1,−2, 1]
at kp = 2k0 and so on). Finally, we shall see in the fol-
lowing section, in Fig. 5, that the [1, 0, 1] term in (9),
traveling at the same speed as the probe perturbation, is
the dominant Brillouin mode.

We may now compare the expansion in (9) for case
(b) with the expansions in Eqs. (B3)–(B5) for case (a).
We conclude that the main difference between the cases
(a) and (b), defined by (3) and (4), respectively, is that
case (a) provides different expressions for the generic case
kp/k0 irrational and the special case kp = k0: In the
expansion for the periodic case kp = k0, given in (B5),
there are more terms, highlighted in blue (light grey) in
(B5) —thus more atomic wave modes activated— than in
the quasiperiodic case where kp/k0 is an irrational ratio,
(B3).

Furthermore, (B3) shows some apparent singularities
in the form of coefficients with denominators proportional
to k0 − kp or k0 − 2kp, and thus apparently problematic
in the periodic limits kp → k0 and kp → 2k0. Impor-
tantly, this could suggest a special sensitivity to the pe-
riodic/quasiperiodic transition, similar to that observed
in the case of time quasiperiodicity [6, 9, 36–38, 42],
where the large sensitivity in the system response to time
quasiperiodic forces is known to yield sub-Fourier reso-
nances. However, our numerical results, reported in the
following section, shows that this is not the case, and the
transition is smooth. The analytical expansions, though,
still provide a useful decomposition into atomic waves of
directed transport, and are used in the following sections
to interpret the atomic transport provoked by the probe.

III. NUMERICAL RESULTS

Numerical solutions of the equation (5) are obtained by
generating a large number of individual atomic trajecto-
ries xj(σj(t), t), where σj(t) = +1 or −1 is the occupied
state at time t in that trajectory, using a stochastic algo-
rithm [43]. Averages are computed using over 1.5 × 106

trajectories. Following Ref. [34], the atomic mode ampli-
tudes (8) are calculated via the formula,

P±[l, n,m] = liml′→∞
δp

2πl′N ×∑N
j=1

∫ 2πl′/δp
0

dt ei[(nk0+mkp)xj(σj(t),t)−lδpt]δσj(t),±1.(10)
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In all simulations, units are defined such that ma =
h̄ = kl = 1, so that the atomic recoil velocity vr =
h̄kl/ma = 1 and recoil frequency ωr = h̄k2

l /2ma = 1/2.
In these units, the optical lattice parameters were fixed
to U0 = 200, Γ′ = 2.85.

We start by first studying the system sensitivity to
the transition between space periodic and quasiperiodic
driving. We choose the U (a) system in (3) (i.e., case (a)),
because it gives different expansions in the periodic kp =
k0 and quasiperiodic (kp and k0 incommensurate) cases.
Specifically, (B3) indicates a potential singularity when
kp → k0 in the mode Re[P+[1,−1, 1]] due to the presence
of (k0 − kp) in the denominator of the coefficient (this
term is highlighted in blue (light grey) in (B3)). Potential
singularities may also surface when kp → −k0,±2k0 due
to (k0 + kp) and (2k0± kp) occurring in the denominator
of several terms in (B3), as mentioned above.

Figure 2 shows the current and the mode contribu-
tions to the current, given by (B3), as a function of kp in
the vicinity of k0. No mode or contribution in Fig. 2
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FIG. 2. Smooth space quasiperiodicity. Current and mode
contributions to the current as a function of the driving
wavenumber kp= kl sin θp for the U (a) system in (3) (i.e.,
case (a)), with δp/(2ωr) = 7.5, εp = 0.8, θx = 300 (thus
k0 = 0.5kl, shown by the dotted vertical line), and φp = 0.
Each mode (l, n,m) has a frequency ω = lδp and wave num-
ber k = nk0 + mkp. Mode amplitudes are measured in the
simulation via (10), and their precise contribution to the cur-
rent determined using (B3). All the modes in (B3) must be
plotted to be sure of the smoothness of the transition between
space periodicity and quasiperiodicity. The dashed line is the
sum of all current contributions, and the diamonds are the
current calculated from its definition (7).

is observed to act abruptly, on the contrary, they all
are seen to behave smoothly. The potential singularity
in the mode Re[P+[1,−1, 1]] (the blue/light-grey high-
lighted term in (B3)) does not actually occur, because the
mode amplitude itself tends to zero in the limit kp → k0,
such that its current contribution is finite, as illustrated
by Fig. 2.

Similar features are observed near kp = 2k0, demon-
strating that the transition from space quasiperiodicity

to periodicity is smooth.
Next, in order to understand how Brillouin resonant

modes are generated, we study the atomic waves when
varying the driving frequency δp. We may study either
one of the U (a) or U (b) systems because they both yield
similar behavior. Here, we choose system (b) because it
has a simpler expression for the current as compared to
system (a): Eqn. (9) is valid for arbitrary kp and has
fewer terms than the expressions (B3) or (B5). The U (b)

system yields a series of resonances, that is, local maxima
at certain values of the driving frequencies, allowing for a
proper rationalization of the transport mechanisms and
the experimental results.

We plot the current in (9) for the U (b) system, as a
function of δp, in Fig. 3 at several values of the driv-
ing amplitude εp for the case of space periodic driving
kp = k0, and in Fig. 4 at several values of the driving
wavenumber kp for the case of space quasiperiodic driv-
ing.

FIG. 3. Space periodic driving of the U (b) system in (4) (i.e.,
case (b)): The atomic current (open diamonds) is plotted for
the case of space periodic driving as a function of the driving
frequency δp = ωp−ωl, in the U (b) system defined by (4), with
θx = 250, φp = π, for several values of the driving amplitude
εp. The solid lines are merely to guide the eye. The driving
wave number is fixed to kp = k0 = kl sin θx. Dotted vertical
lines are placed at ω0/(2ωr) = 5.75, ω0/2, and 2ω0, where ω0

is identified with the intrinsic vibrational frequency Ωx of the
lattice (see text). We see that resonances at multiples and
sub-multiples of the intrinsic frequency ω0 are predicted.

In Fig. 3, a peak at δp = ω0 = 5.75 is observed, com-
mon to all curves, except the one corresponding to the
largest value of εp, which is shifted to higher frequency
values. These peaks are not far from the vibrational fre-
quency associated with linear oscillations in the optical
wells, Ωx = 7.3 (as evaluated from (2) using θx = 250,
which is the value employed in our experiment). There-
fore, we identify this frequency ω0 with the intrinsic vi-
brational frequency Ωx of the lattice. In Fig. 3 we see
that the presence of additional peaks at about ω0/2 and
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FIG. 4. Space quasiperiodic driving of the U (b) system in
(4) (i.e., case (b)): Same as in Fig. 3, but this time the
atomic current is plotted for space quasiperiodic driving with
kp0 = k0/

√
5. The current is plotted for several values of the

driving wave number, kp = 0.5kp0, kp0, 1.5kp0, 2.5kp0, 3.5kp0,
and 4.5kp0. In all cases the driving amplitude εp was varied
so that εpkp/kl = 0.8, thus keeping fixed the value of the
force amplitude Fp, which is defined in the text immediately
following (9). As in Fig. 3, dotted vertical lines are placed
at ω0/(2ωr) = 5.75, ω0/2, and 2ω0, plus an additional one at
3ω0. The truncated vertical dashed lines correspond to the
shifted values (δp)vm = ω0kp/k0.

2ω0 are predicted by the simulations. This behavior is
not uncommon, in rocked ratchets the current is also ob-
served [36] to peak at multiples and sub-multiples, in
general a fractional number, of an intrinsic frequency.

As the driving wave number kp is varied, so does
the phase velocity of the propagating perturbation vp =
δp/kp. It is expected [10] that a peak in current is pro-
duced when this phase velocity matches the velocity

v0 = ω0/k0. (11)

The intrinsic velocity v0 is associated with an average
drift in one direction due to half oscillations in a well,
followed by transitions between the atomic states [10, 11].
This velocity matching (vm) mechanism thus yields a
peak at

(δp)vm = ω0kp/k0. (12)

The positions of these velocity-matched current res-
onances, (δp)vm, are indicated in Fig. 4 for six kp/k0-
values, by the truncated vertical dashed lines. As ex-
plained below, the numerical results, presented in Fig. 4,
do indeed predict current resonances at or near these
(δp)vm-values. However, a clear picture is obscured by
the locations nearby of δp-values at fractional ratios of the
intrinsic vibrational frequency ω0, that were discussed
above in Figs. 3 - these frequencies are indicated by the
vertical dotted lines in Figs. 3 and Figs. 4. For example,
let’s consider the case of space-quasiperiodic driving with

0 5 10 15 20 25 30

δ
p 

/ (2ω
r
)

0

0.5

1

1.5

2

c
u

rr
e
n

t 
c
o

n
tr

ib
u

ti
o

n
 /

 v
r

 curr Im[P
+
[0, 1, 0]]

 curr Im[P
+
[0, 2, 0]]

 curr Im[P
+
[0, 3, 0]]

 curr Im[P
+
[0, 4, 0]]

 curr Im[P
+
[0, 5, 0]] 

 curr Im[P
+
[1, -2, 1]]

 curr Im[P
+
[1, -1, 1]]

 curr Im[P
+
[1, 0, 1]]

 curr Im[P
+
[1, 1, 1]]

 curr Im[P
+
[1, 2, 1]] 

 curr Im[P
+
[2, 0, 2]]

 curr
<v>

ω
0
/4ω

r
ω

0
/2ω

r
2ω

0
/2ω

r
3ω

0
/2ω

r

FIG. 5. Fourier mode contributions to the current as a func-
tion of the driving frequency δp= ωp − ωl, for the quasiperi-
odic case kp = 3.5kp0 shown in Fig. 4 (for the U (b) system in
(4), case (b)). The total current (dashed curve) is obtained
by summing all the mode contributions. The diamonds rep-
resent the current calculated directly in the simulation, and
their plot is identical to the kp = 3.5kp0 curve in Fig. 4. As
in Fig. 4, dotted vertical lines are placed at ω0/(2ωr) = 5.75,
ω0/2, 2ω0, and 3ω0.

kp = 0.5kp0, where kp0 ≡ k0/
√

5. In this case, the red
current-vs-δp curve in Fig. 4 displays a peak near (δp)vm
(red truncated vertical dashed line), but it is also leaning
towards ω0/2. The curves for kp = kp0 and kp = 1.5kp0
show no velocity matching shift, just peaking at the value
ω0. The curve kp = 2.5kp0 does peak at (δp)vm (yellow
truncated vertical dashed line), but this value is very near
ω0 in this case. It also shows small peaks at about 1.5ω0

and 2ω0. In the case kp = 3.5kp0, the frequency (δp)vm
lies between the peaks at ω0 and 2ω0. The correspond-
ing curve peaks near ω0, (δp)vm (or 1.5ω0, since they are
close by here), and 2ω0. The curve kp = 4.5kp0 offers a
clear confirmation of the velocity matching mechanism,
because it shows no clear peak at ω0, but a distinct one at
(δp)vm, which happens to practically coincide with 2ω0.

Overall, the simulation results in Fig. 4 suggest that
the discussed shift due to velocity matching is clearly at
play in the system, but the shift takes place through local
maxima at a fractional ratio of the intrinsic frequency ω0.

We may then wonder how a particular atomic Fourier
mode is affected by the above discussed resonances. Fig-
ure 5 shows the calculations for the case kp = 3.5kp0,
which was chosen because the current shows three peaks
in Figure 4, at ω0, 1.5ω0 ≈ (δp)vm, and 2ω0.

The plot shows peaks at these frequency values at most
of the atomic Fourier modes, behaving very similarly for
all of them. Moreover, an extra peak in most of them is
also visible at δp = 3ω0, a peak which is discernable in
the overall current (dashed curve). The good agreement
between the current obtained directly in the simulations
(diamonds) and the sum of all the mode contributions
(dashed line) serves as a validation of the analytical cal-



7

culations.
Looking closely at Fig. 5 one can find subtle differ-

ences between the modes. First, it can be seen that
the total current’s curve follows closely the curve of the
mode [1, 0, 1], confirming this atomic mode as the domi-
nant one. Many other modes, such as [0, 1, 0], [0, 3, 0], or
[1, 2, 1] curiously show a larger peak at ω0 than at 2ω0.
The mode [1, 1, 1] shows a similar behavior to the dom-
inant [1, 0, 1], with a larger peak at 2ω0, but with the
current always in the opposite direction.

IV. EXPERIMENT

Our experiments are performed on 85Rb atoms in a
dilutely occupied dissipative 3D lattice in a tetrahedral
lin⊥lin configuration, as in Fig. 1. Directed motion is
produced by the weak ŷ-polarized probe which makes
an angle θp with the z-axis. The probe frequency ωp is
scanned around the (fixed) frequency ωl of the lattice
beams (which collectively serve as the pump), and probe
transmission is measured as a function of probe detuning
δp = ωp−ωl. As in Ref. [31], δp/ωL < 10−9 for all pump-
probe spectra presented in this work. Here, the intensity
ratio of probe to lattice (sum of all four beams) is less
than 3%.

In accordance with the notation used in Ref. [14, 31],
∆′0 ≡ ∆s0/2, and Γ′ ≡ Γs0/2 where s0 ≡ (I/Isat)/(1 +
4∆2/Γ2) is just the saturation parameter. For the Fg =
3 → Fe = 4 transition in 85Rb, Isat = 1.67 mW/cm2

for σ-light, Γ/2π is the natural linewidth for 85Rb (6.07
MHz), and ωr/2π is the recoil frequency (3.86 kHz). In
our experiment, θx = θy = 250, and each lattice beam
has intensity I = 6.22 ± 0.22 mW/cm2, a 1/e2-diameter
5.4 mm (the probe diameter is 1.4 mm), and red-detuning
∆ = 8.75Γ. In order to determine the intensity I that
actually illuminates the atoms, care is taken to account
for the intensity loss through the windows of the vac-
uum cell that houses the lattice, and the background
Rb vapor. These values yield Γ′/2π = 36.8 ± 1.3 kHz
and a well-depth U0 = 445 ± 15 h̄ωr. Using the defi-
nition of the recoil frequency just after (2), and setting
h̄ = ma = kl = 1 as in the simulations, we find this
U0-value corresponds to 223 ± 8, and Γ′, in units of the
recoil frequency, corresponds to 4.77 ± 0.17 - these val-
ues are comparable to those assumed in the simulations
in Sec. III. The pump-probe spectra measured for the
probe beam propagating through the lattice cannot be
directly compared to the theory curves in Figs. 3 - 5
which plot the directed atomic currents. However, as de-
scribed below, some of the observed peaks and dips in the
measured spectra correspond to probe detuning values at
which directed atomic transport occurs. These observed
δp-values may be profitably compared to the δp-values in
Figs. 3 - 5 where resonant peaks in atomic current are
predicted.

Figs. 6(a) and (b) show distinctly different probe trans-
mission spectra for θp = 0 and 17.50, respectively. The

FIG. 6. Probe transmission spectra measured for (a) θp = 0
(space periodic case kp = k0) and (b) 17.50 (kp not a multiple
of k0). The resonance peaks are identified as Ωz, ΩB , Ωx,
and ΩB± (see text for explanation). The probe completes a
frequency scan of ±300 kHz in 10 ms, generating a single-
shot spectrum. The lattice is then re-loaded with atoms, a
process that takes us about 5 sec, and the scan repeated.
Each spectrum displayed here is an average over 16 single-shot
spectra. The transmitted probe is incident on a photodetector
(Thorlabs DET10A2), which is connected to an oscilloscope.
The size of ∆V is typically 100 - 120 mV in our experiments.
Both plots are on the same vertical scale.

peaks in the spectra correspond to photons absorbed
from a lattice beam and emitted via stimulated emis-
sion into the probe, while dips correspond to photons ab-
sorbed from the probe and emitted into a lattice beam.
Note that the pump-probe spectra only show features
arising from the interaction of the ŷ-polarized probe with
the co-propagating ŷ-polarized lattice beams ~k1, ~k2 de-
picted in Fig. 1. Contributions to the pump-probe spec-
trum from the other two lattice beams ~k3 and ~k4 are
suppressed due to Doppler broadening in the z-direction,
as pointed out earlier [12, 31].

We discuss first the periodic case shown in Fig. 6 (a), in
which the probe is aligned with the z-axis (θp = 0). This
system was analyzed in detail in Ref. [31], where it was
confirmed that the spectral features denoted as Ωz arise
from probe-induced Raman transitions between adja-
cent vibrational levels corresponding to oscillations along
the z-axis in each well, and the ΩB features arise from
Brillouin-like directed transport along the ±x-directions.

Indeed, the vibrational frequency in the z-direction is
determined in the system model by [31]

Ωz = 2(cos θx + cos θy)
√

2|∆′0|ωr, (13)
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thus yielding Ωz = 2π(180 kHz), which is in reason-
able agreement with the observed value of about 200
kHz. Moreover, Eq. (2) yields a vibrational frequency
Ωx/2π = 60 kHz, which is very close to the observed
value for ΩB/2π. This Ωx-value equals 15.5 ωr, which in
simulation units corresponds to 7.8, not far from the 7.3
value calculated from (2), as indicated in Sec. III. The
agreement between the predicted and observed values for
Ωx and ΩB is remarkable considering that the theory as-
sumed a Fg = 1/2→ Fe = 3/2 atom.

It is important to note that even though ΩB coincides
with Ωx, the spectral features at ΩB in Fig. 6(a) cannot
arise from intrawell oscillatory motion in the x-direction,
owing to the fact that adjacent vibrational levels are of
opposite parity, and hence the overlap integral of the
probe operator (i.e., the lattice-probe interference term)
between these two levels is zero. This is because the in-
terference term goes as ~E0 · ~E∗p and is quadratic in x for
a probe that propagates purely along ẑ [31].

In this space periodic case θp = 0, the three probe
terms of (1) reduce to a single perturbation propagat-
ing with phase velocity v0 = δp/k0, like in the 1D model
(4) with kp = k0, whose numerical results are shown
in Fig. 3. In agreement with the experimental results
of Fig. 6 (a), the theoretical model predicts a domi-
nant peak at about ω0, which we identified with Ωx in
Sec. III. The secondary peaks predicted at other mul-
tiples of ω0 in Fig. 3 for certain values of the driving
amplitudes are absent in Fig. 6 (a). This may be be-
cause the theory and simulations are performed in a 1D
lattice using a Fg = 1/2 → Fe = 3/2 atom with a
simple ground state bipotential described by U± in (1),
whereas the experiment is performed in a 3D lattice us-
ing a Fg = 3 → Fe = 4 atom, with a significantly more
complex ground state manifold.

Let us turn our attention to the case where kp 6= k0,
shown in Fig. 6 (b). We see that the ΩB = Ωx peak
(dip) in Fig. 6 (a) splits into a central peak (dip) still lo-
cated at Ωx, flanked by two side peaks (dips) at ΩB+ and
ΩB−. We have carried out several measurements with
varying values of the probe angle θp. The data, shown
in Fig. 7(a) (only half the scan range depicted in Fig. 6
is necessary), are the first time pump-probe spectra have
been systematically measured in the probe-lattice geom-
etry of Fig. 1(c), for several different off-axis probe angles
θp. In Ref. [10], for example, data is presented for just
one off-axis angle. In Ref. [17] an auxiliary pump-probe
beam pair was introduced, completely separate from the
lattice beams, which allowed for separation of purely lat-
tice characteristic frequencies such as Ωz and Ωx from
pump-probe induced effects such as ΩB and ΩB±, how-
ever the signal-to-noise of the Brillouin spectral features
is significantly reduced.

To extract the resonant frequencies Ωx,z and ΩB± from

the spectra in Fig. 7(a) we initially used a fitting function:

AΩZ
exp

(
− (δp − Ωz)

2

2σ2
Ωz

)
+AΩX

exp
(
− (δp − Ωx)2

2σ2
Ωx

)
+AΩB+

exp

(
− (δp − ΩB+)2

2σ2
ΩB+

)
+AΩB−exp

(
− (δp − ΩB−)2

2σ2
ΩB−

)
+a1 + a2δp . (14)

FIG. 7. (a) Pump-probe spectra taken at different probe an-
gles θp for the lattice in Fig. 1(a). The vertical lines demarcate
the fixed vibrational frequencies Ωz and Ωx. At θp = 0, the
gray arrow denotes the Brillouin resonance ΩB that coincides
with Ωx. At θp 6= 0, the black and white arrows denote Bril-
louin resonances ΩB+ and ΩB−, respectively. The curves for
θp = 00 and 17.50 are just the δp < 0 half of the spectra in
Fig. 6. (b) From velocity-matching considerations, ΩB+ and
ΩB− depart from Ωx in accordance with Eqs. (15) and (16),
respectively: The solid lines are the theoretical predictions
from the equations. Our simulations in Sec. III reveal that
Brillouin propagation proceeds not just due to the velocity-
matching considerations above, but also due to frequency-
matching with the intrinsic frequency and its multiples (see
text). The two black-circled datapoints in (b) correspond to
the spectrum in Fig. 6(b).
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This function consists of a constant term, a linear term,
and four Gaussian functions, one for each resonant peak
in Fig. 7(a). When analyzing on-axis spectra (θp = 0),
the Gaussian functions corresponding to ΩB± were re-
moved. The above analysis works well for the on-axis
spectra where the features are well-defined, but becomes
less reliable when the features are less well-resolved, such
as ΩB− for example in the off-axis spectra (where θp 6= 0).
Therefore, we also employed a different analysis method
for the off-axis spectra, which utilized the numerical first
derivative of the spectra at each point. The absolute
value of the derivative was taken, and the minimum value
was found in the vicinity of each resonant feature.

The ΩB+ resonances are stronger than ΩB−, so we
consider those for convenience, without any loss of gen-
erality. For the ΩB+ resonance, kp = k0 +kl sin θp, yield-
ing kp/kp0-values corresponding to the four angles from
12.50 to 200 as 3.4, 3.6, 3.8, and 4.1, respectively. Note
that the first two values are close to the kp/kp0-value of
3.5 in Fig. 5, which predicts peaks in the directed prop-
agation at ω0, (δp)vm ≈ 1.5ω0, and 2ω0. The peak at
ω0 = Ωx ≈ 2π (60kHz) is certainly observed in Fig. 7
(a) and (b), as are single peaks at approximately 105
kHz and 110 kHz for θp = 12.50 and 150, respectively.
The experiment does not further resolve each of these
single peaks, but these observed values lie not too far
from the predicted kHz-values of 60, 90, 120. Thus the
experimental findings in Fig. 7 (a-b) and the detailed,
rigorous numerical simulations in Fig. 5 are consistent
with each other, suggesting that the frequency-matching
and velocity-matching mechanisms are equally at play.

On the other hand, if we ignore the frequency-matching
mechanism, and only follow the velocity matching argu-
ment discussed in Sec. III and in previous works [10, 11],
we expect a peak for the driving frequency values where
the intrinsic velocity ±v0 (B4) matches the velocity of
the propagating perturbation, thus leading to two pos-
sible values for the probe detuning δp, located on either
side of Ωx [10, 11]:

δ1 = Ωx
sin θx + sin θp

sin θx
, (15)

δ2 = Ωx
sin θx − sin θp

sin θx
, (16)

where, recall that we have identified the vibrational fre-
quency ω0 with Ωx. The solid lines in Fig. 7 (b) depict the
analytical predictions of Eqs. (15) and (16), with δ1 and
δ2 predicting the observed peaks ΩB+ and ΩB−, respec-
tively, that are seen in Fig. 7 (a) and Fig. 6 (b). Thus, the
predictions from arguments based on velocity-matching
alone, are consistent as well with the data.

In other words, the locations of the resonances in
the pump-probe spectra are explained by the previously
known qualitative arguments based on velocity-matching
alone, as well as by the detailed modeling developed
here that reveals an equal role for the new mechanism
of frequency-matching. We further note that the quanti-
tative agreement between the data and theory - both the

new detailed numerical simulations in Sec. III and the
previous qualitative arguments that focused on velocity-
matching alone - is remarkable, considering that the the-
oretical arguments are based on a 1D model with a sim-
plified atomic transition.

To complete this discussion, we point out that the the-
ory does offer an explanation for why the amplitudes of
the ΩB− resonances are seen to be smaller than the ΩB+

ones [12]: Since the spatial period 2π/(k0 − kl sin θp) as-
sociated for the ΩB− motion is larger than that of ΩB+,
2π/(k0 + kl sin θp), the sequence of half oscillations and
well-transfers for ΩB− is more likely to be interrupted
by random photon recoils associated with the Sisyphus
process, causing a larger damping of the directed propa-
gation. Finally, we comment on the peak at the intrinsic
frequency ω0, seen consistently in data such as shown in
Figs. 7(a) and (b) at δp = Ωx, regardless of the specific
value of θp: Previously [10, 11], it was pointed out that
the symmetry considerations for θp = 0 that forbid the
appearance of a resonance in the spectrum due to local-
ized vibrations about the well bottoms (these considera-
tions were mentioned above while discussing Fig. 6(a)),
no longer apply for the case of θp 6= 0. However, as shown
by the detailed numerical simulations in Sec. III (see, for
example, Fig. 4), the observed peak may also arise from
directed motion due to frequency-matching.

V. CONCLUSIONS

We have studied the atomic waves generated in a dis-
sipative optical lattice under a weak beam that produces
a directed current which travels perpendicular to the di-
rection of travel of the probe.

On the theoretical side, a minimal 1D model of the
experimental setup is studied in detail to elucidate the
mechanisms of transport. An analytical method based
on a Fourier decomposition of the current is applied to
study the case when the driving potential perturbation
has a spatial period which is the same as that of the
underlying lattice, the regime of space periodic driving,
and when both periods are incommensurate, the regime
of space quasiperiodic driving.

It is numerically demonstrated that the transition be-
tween both regimes is smooth, despite the fact that the
expansion for one of the probe perturbations is differ-
ent in each regime. When the frequency of the probe
is varied, the current, and more specifically the mode
amplitudes that contribute to the current, show several
peaks. One set is identified with a multiple of the in-
trinsic frequency ω0, and another is associated with a
velocity matching mechanism, in which the velocity of
the propagating modulation matches up with the aver-
age velocity of the atom in its intrawell oscillation. Both
mechanisms are seen at play in both the space periodic
and space quasiperiodic regime, and even at play at the
same time, since the shift due to velocity matching takes
place through local maxima at a fractional ratio of the
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intrinsic frequency ω0.
The pump-probe experiments confirm many of the

above predictions. In the case of space-periodic driv-
ing kp = k0, with a weak beam that is aligned with the
lattice symmetry axis, the probe transmission spectrum
indeed reveals a dominant peak at an intrinsic lattice fre-
quency ω0, that corresponds to a propagating Brillouin-
like mode in a direction perpendicular to probe propaga-
tion. These observations are borne out by the numerical
predictions in Fig. 3. In the case of driving with the weak
beam incident at angle θp relative to the lattice symme-
try axis, the spectrum reveals a peak at ω0, and also ad-
ditional peaks where both the frequency-matching and
velocity matching mechanisms above are satisfied. The
angle-dependence of these additional spectral features,
which correspond to two distinct propagating modula-
tions with different spatial periods, is shown in Fig. 7 to
be in accordance with the analytical predictions. These
findings are consistent with the numerical predictions in
Figs. 4 and 5, although it was not experimentally pos-
sible to tease apart the relative contributions to the ob-
served resonances arising from causes that were known
previously [10, 11] versus those arising from the new
frequency-matching condition revealed here by our de-
tailed, rigorous numerical simulations. For example, the
observed peaks near the intrinsic frequency ω0 = Ωx = 60
kHz for all the off-axis probe spectra in Fig. 6(b) and
Fig. 7 arise not only from contributions due to atoms os-
cillating inside localized wells as known previously, but
also from atoms undergoing directed Brillouin propaga-
tion via the frequency-matching condition (see Fig. 4).
Similarly, the observed ΩB+ peaks, say, in Fig. 6(b) and
Fig. 7, for θp = 12.50 and 150 at about 105 kHz and
110 kHz, respectively, arise from contributions due to di-
rected Brillouin propagation not only via the previously
known velocity-matching mechanism in Eqn. 15, but also
via the frequency-matching mechanism which predicts a
directed current at 2ω0 = 120 kHz, close to the observed
frequencies. Thus our investigation has shed new light
on the origin of directed Brillouin modes propagating in
a modulated dissipative optical lattice, and advanced our
understanding of how Brownian ratcheting works in cold
atom lattices. We hope that the new understanding of
Brillouin transport modes gained here would pave the
road toward ratcheting of cold atoms confined in a weakly
modulated optical lattice, along a precisely predictable,
arbitrary direction [9].
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Appendix A: Full Optical potential

The full optical potential that is obtained when the 3D-
lin⊥lin tetrahedral lattice is illuminated by a weak probe
laser of amplitude Ep and frequency ωp, forming an angle
θp with the z-axis and with its polarization parallel to the
y-axis, is given by

U±(x, y, z, t) =
U0

2

[
− 1− 1

2
cos(2k0x)− 1

2
cos(2kyy)

± cos(k0x) cos(kyy) cos(kzz)

+εp cos[−k0x+ kl sin θpx+ (cos θp − cos θx)klz − δpt]
+εp cos[k0x+ kl sin θpx+ (cos θp − cos θx)klz − δpt]

±εp cos(kyy) cos[kl sin θpx− (cos θp + cos θy)klz − δpt)
]
,

(A1)

where ky = kl sin θy and kz = kl(cos θx + cos θy)/2. By
taking y = z = 0 in (A1), we obtain (1).

Appendix B: Further analytical results

The setup defined by case (a) in (3) requires different
expressions for the quasiperiodic (kp/k0 irrational) and
periodic kp = k0 cases. The calculation proceeds along
the same lines sketched in [34]. The atomic state sym-
metry produced by the probe for setup (3) is given by

P−[l, n,m] = (−1)n+lP+[l, n,m], (B1)

which can be also written as

P−[l, n,m] = (−1)n+mP+[l, n,m], (B2)

the latter being a useful expression in the special (peri-
odic) case kp = k0.
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In the quasiperiodic case (kp/k0 irrational) we find

〈v〉(a) = 〈v〉(0) +
ma

maF0g1 − 2D0k0

[

+
Im
[
eiφpP+[1,−4, 1]

]
(2Fpg

2
2k0)

(2k0 − kp)kp

+
Im
[
eiφpP+[1,−3, 1]

]
2Fpg1g2k0

(2k0 − kp)kp

+
Im
[
eiφpP+[1,−2, 1]

]
(2k0 − kp)k2

p

[8Fpg0g2(−k2
0 + k0kp)

+F0Fp(2k
2
0kp − 2k0k

2
p + k3

p/2)/ma]

−
Re
[
eiφpP+[1,−2, 1]

]
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+
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[
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]

−
Re
[
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]
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−
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[
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−
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[
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]
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k2
p

+
Im
[
eiφpP+[1, 1, 1]

]
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p

Fp[−4g0g1k0(2k0 + kp)

−2g1g2k0kp + F0(2k2
0kp + 3k0k

2
p + k3

p)/ma]

−
Re
[
eiφpP+[1, 1, 1]

]
2Fpg1k0(k0 + kp)δp

(k0 + kp)k2
p

+
Im
[
eiφpP+[1, 2, 1]

]
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[8Fpg0g2(−k2
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−
Re
[
eiφpP+[1, 2, 1]

]
4Fpg2k0(k0 + kp)δp

(2k0 + kp)k2
p

−
Im
[
eiφpP+[1, 3, 1]

]
2Fpg1g2k0

(2k0 + kp)kp

−
Im
[
eiφpP+[1, 4, 1]

]
(2Fpg

2
2k0)

(2k0 + kp)kp

+
Im
[
ei2φpP+[2, 0, 2]
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F 2
p k0
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]
,

(B3)

where 〈v〉(0) contains no probe-related terms, and is given

by

〈v〉(0) =
ma

maF0g1 − 2D0k0

[

−
Im [P+[0, 1, 0]]F0

(
8g2

0 − 4g2
2/3 + F0k0/(2ma)

)
k0

+
Im [P+[0, 2, 0]]F0 (−4g0g1−8g1g2/3 + F0k0/ma)

k0

+
Im [P+[0, 3, 0]]F0

(
−16g0g1/3− 2g2

2 − 3F0k0/(2ma)
)

k0

+
Im [P+[0, 4, 0]]F0 (−2g1g2/3 + F0k0/(2ma))

k0

− Im [P+[0, 5, 0]]F02g2
2

3k0

]
.

(B4)

The term highlighted in blue (light grey) in Eq. (B3)
is the contribution of the real part of the [1,−1, 1] mode,
referred to while discussing Fig. 2 in Sec. III.

Equation (B3) is not valid when the ratio kp/k0 is a
rational number. In this case there are resonances which
require a special derivation [34]. An indication of this fact
is that the coefficient associated with the mode amplitude
Re[P+[1,−1, 1]] goes to infinity in the limit kp → k0,
whereas the actual coefficient when computed directly in
the case kp = k0 remains finite, as shown in Eq. (B5).
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The full expansion in the periodic case kp = k0 is given by

〈v〉(a) = 〈v〉(0) +
ma

maF0g1 − 2D0k0

[

−
Re [P+[0, 1, 0]]F0

(
F 2
p g1

)
maδp

+
Im
[
eiφpP+[1,−4, 1]

]
(2Fpg

2
2)

k0

+
Re
[
eiφpP+[1,−3, 1]

]
F0Fpg1

maδp
+

Im
[
eiφpP+[1,−3, 1]

]
2Fpg1g2

k0

+
Im
[
eiφpP+[1,−2, 1]

]
F0Fp

2ma
−
Re
[
eiφpP+[1,−2, 1]

]
F0Fpg1

maδp

+
Im
[
eiφpP+[1,−1, 1]

]
k0

Fp(−4g0g1 + 2g1g2)

−
Re
[
eiφpP+[1,−1, 1]

]
2Fpg1δp

k0

−
Im
[
eiφpP+[1, 0, 1]

]
3k0

2Fp(12g2
0 − 2g2

2 − 3δ2
p)

−
Re
[
eiφpP+[1, 0, 1]

]
(−F0Fpg1k0/δp + 8Fpg0δp)

k0

+
Im
[
eiφpP+[1, 1, 1]

]
3k0

Fp[−12g0g1 − 2g1g2 + 6F0k0/ma]

−
Re
[
eiφpP+[1, 1, 1]

]
(FpF0g1k0/δp + 3Fpg1δp)

k0

+
Im
[
eiφpP+[1, 2, 1]

]
6k0

Fp(−32g0g2 − 9F0k0/ma)

−
Re
[
eiφpP+[1, 2, 1]

]
8Fpg2δp

3k0
−

Im
[
eiφpP+[1, 3, 1]

]
2Fpg1g2

3k0

−
Im
[
eiφpP+[1, 4, 1]

]
(2Fpg

2
2)

3k0
+
Im
[
ei2φpP+[2,−1, 2]

]
F 2
p g1

δp

+
Im
[
ei2φpP+[2, 0, 2]

]
F 2
p

ma

]
(kp = k0).

(B5)

Terms in (B5), which are not directly obtained from (B3)
after taking the limit kp → k0, have been highlighted
in blue (light grey). Note there are also terms in the
quasiperiodic case (B3) which are singular when kp →
2k0. But again, this singularity is removed in the exact
limit kp = 2k0.
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