24: Gauss’ Law

In this chapter, we return to the problem of finding the electric
field for various distributions of charge.

Question: A really important field is that of a uniformly charged sphere, or a
charged spherical conductor. Why haven’t we figured out how to do these?

dq = pdV  (p = volume charge density)
P
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dE

What is the field for all points outside and
inside the sphere?

We could use the point charge integration technique:
Kdg KpdV

AtP:E:/ dE:/ == e
sphere sphere r Vol r

This works, but it’s pretty darn difficult!
We’ll see that for highly symmetric bodies, Gauss’ Law will give us an easy way

to find the electric field at any point in space (inside the body or outside). :




Gauss’ Law: The Language

Before we even get to Gauss’ Law, we have to learn to speak its language.
The two important ideas are symmetry and flux.

Symmetry: In section 24.1, your author covers the necessary aspects of symmetry;
read this carefully. The basic idea is that if you do something to an
object, and its appearance is unchanged, that’s a symmetry transformation

of the object.

e.g. if | rotate a ball about any axis through its center
or, if | rotate a cylinder about it’s axis
or, if | rotate an infinite plane about a perpendicular axis

Important Result: “The symmetry of the electric field must match the
symmetry of the charge distribution.”




Symmetries that we’ll use:

Planar symmetry

Infinite

T plane

Perpendicular axis
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1hL field is

é: perpendicular
to the plane.
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More
complex
example:

Infinite parallel-plate capacitor

Cylindrical symmetry

Spherical symmetry

Cylinder axis

' % | call it axial 3
The field is radial
toward or away
from the center.

The field is radial
toward or away /

from the axis. Any axis
through center

Infinite
cylinder

Coaxial cylinders

Concentric spheres



Flux of the Electric Field

Flux is a measure of how much an electric field passes through a 2D surface.

Flux depends on the size and direction of the field and the size,
shape, and orientation of the surface; e.g. light rays and shadows: ‘

Your author starts with flux for special cases and builds to a general definition; you should
read his account, we’ll do the opposite:

Flux for the General Case (any field, any surface):

FE
— //
n
\ dA[F7——>
FE
2D surface

Element of area

n = unit vector normal
to the surface

dA = adA
Electric Flux:
b, = / E-dA
surface
units: N_m2
C

Note: this is called a surface integral
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Special Cases of Flux

Uniform Electric Field & Planar Surface:

A = {A, L to surface}

> or, A= An
>

E 0

@e:/ﬁ.dg :ﬁ./dg _ B4 = EAcosd

Uniform Electric Field & Planar Surface perpendicular to the field:

. > q)e:ﬁ-ﬁ:EACOSOO:EA
) >
> A

>

remember for a uniform field and planar area is:

For either of these cases, the relation to [ (I) _ E . A’ ]
e —
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Whiteboard Problem: 24-1

The electric flux through the surface shown is 25 Nm?/C.
What is the electric field strength? (LC)

n

/? 77 //

10 cm X 20 cm




Whiteboard Problem: 24-2

A 2.0 cm X 3.0 cm rectangle lies in the xy-plane.
What is the electric flux through the rectangle if:

E = 1007 + 50k N/C (L)

Are you struggling with this?

Having trouble finding the angle between the
field and the normal vector? You don’t have to.
Maybe we should review the vector dot product?



Quick Review of the Vector Dot Product

For the previous special cases of flux, the equation that you want to remember is
for a uniform field and a planar surface:

[ @e — E * A J
It is essential that you be able to do vector dot (or scalar) products:

Y A When I say “A.B ;. what
0 B pops into your mind?

[ A-B = ABcosf J

X

Z

But, if you know the vectors in component form for a set of coordinates, then:

[A’-B’:AmeLAyByJFAZBz]

You have to be able to calculate dot products both ways!
Now, go back and finish WB Problem 24-2.




Gauss’ Law

Now that we know what the flux of the electric field is and a little about
symmetry, we’re ready to introduce Gauss’ Law (Carl Friedrich Gauss).

Gauss noticed a simple and general feature about all electric fields:

“The electric field comes out of positive charge,
and goes in to negative charge.”

And, he noticed for a point charge field:
Flux through the spherical surface:

3, = / B.aA
sphere

— f EdA (E | surface everywhere)
=L f dA (E = constant on surface)

>
= F4mr?
q K 1
><A We know: F = _2(] = %
r

r dmeg 1

1
/ ¢ So, B, = ——Lamp2= L
dmeqg T €0

surface of a sphere of radius r [

A Ty

with g at the center The flux through the surface depends only on]
9

the charge that’s inside the surface!




Obvious Questions about Gauss’ Law

What if the charge isn’t at the center of the sphere? Y

Still have: ®, = )<

What if there is no charge inside the sphere?

With no charge inside, the flux is always zero, fx /

as much flux in as out.

&<v>4

BZ

Does the shape of the surface matter? <

No, all that matters is the amount of charge
that is inside the surface.
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Gauss’ Law: General Statement

For any distribution of charge and any 2D closed surface S:

° / {Net charge inside S}
‘ Flux through S =

€0

® 4

Or:

|

P,

~\

€0

:fﬁd}i’: Qin
S

J

51{ = integral is around the closed surface

(Qin = Net charge inside S

(what about the charge outside S?)

Gauss’ Law is somewhat odd and abstract — it doesn’t just come out and say,
“the field of the charge distribution is this.” Instead, it tells us how the field

behaves. It concisely and mathematically:

[chescribes how electric charge creates En]

Gauss’ Law for the Electric Field is our First Maxwell Equation.
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Whiteboard Problem: 24-3

The figure shows three charges.

Now, on LC, draw the cross sections of two-dimensional closed
surfaces through which the electric flux is:

_ 4
2) 2o b)) Lo o) 2w d) X
€0 €0 €0
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Whiteboard Problem: 24-4

Evaluate 55 E - dA on the surface of the cylinder. (LC)

® - |©

+100 nC +1 nC (inside) —100 nC

| call this the “Meanest Problem in Physics.”
You have 30 seconds (but you should only need 10) to complete it!
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How do we use Gauss’ Law to find the Electric Field?

2D closed Surface S
that surrounds the charge

(“Gaussian Surface”)

But, how to we get E?

We know: &, (through S) = f E.-dA = Qi
S €0

We use the symmetry of the charge to know the symmetry of the field,
and we choose S so that the integral can be done easily ... i.e. in your head!

Important Point: Gauss’ Law is always true for any charge and any surface, but it
can only be used to the find the field if the symmetry of the
charge allows you to easily determine the flux integral. 14




Example: A Uniformly Charged Sphere
(Examples 24.3 & 24.4 in the text)

This is the most important problem solved with Gauss’ Law:

What is the field for all points outside
and inside a uniformly charged sphere
of radius R and total charge Q?

Uniformly Charged = p = constant

What must the field look like? Use symmetry arguments:
Charge has spherical symmetry » The field does too.

So, E is radially out (Q > 0) or radially in (@ < 0)

also at a given r, |E| =constant

Note: we know that the field is radially in or out, but we don’t yet know how
the magnitude of the field depends on the distancer. 15



Example: A Uniformly Charged Sphere

Outside the Sphere ( r > R):

Choose a Gaussian Surface to be a

sphere of radius r >R, apply Gauss’ Law to it: —

@ezj{.@.dg: @in
€0

work on both sides of the equation

E || dA everywhere

Q

€0
|E| = constant on the surface

Bfaa=2

€0
Ednr? = €
€0
1 Q@
fi > R
47T€0 7“2 or T J

EdA =

[SO:E:

Charge inside = @)

E A

v

/The field outside the sphere (r >R)\
is the same as if all of the charge

is concentrated in a point charge

at the center. This is true for any
spherically symmetric distribution

Qf charge. /
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Example: A Uniformly Charged Sphere

Inside the Sphere ( r < R): E A

Choose a Gaussian Surface to be a
sphere of radius r < R, apply Gauss’ Law to it:

@e:j{ﬁm:% .

€0
Using the same arguments as above for r > R,

j{E.M:EAzEzm? R

But how much charge is enclosed by the Gaussian surface? ¥
: 4
Qin = p (Volume of charge enclosed by Gaussian surface)= p§7T’I“3

4 3
Now, p = Total Charge _ Q = O — ( Q ) (_ﬂ_rg) AT

Total Volume %ﬂ'R?’ %ﬂ'RS 3 R3
, 3
Putting it together in Gauss’ Law: F47r2 = Qin — QT_
€0 €0 R3
1 @
E = rtorr < R

dreq R3




Example: A Uniformly Charged Sphere

Results:
I
forr < R: E = 47T€0R3’r
1 @
f > R: E =
orr = Aeq 12

Note: the two expressions agree for r =R
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Whiteboard Problem: 24-6

A spherical shell has inner radius R. and outer radius R,.
The shell contains total charge Q, uniformly distributed.
The interior of the shell is empty of charge and matter.

a) Find the electric field outside the shell, r > R,. (LC)

b) Find the electric field in the interior of the shell, r < R.. (LC)
c) Find the electric field within the shell, R,<r <R,. (LC, 2 pts.)
d) Do your expressions for the field match at r = R,

and r = R,? (They must)

R,

(a & b are pretty easy, c is tough,
follow the same steps that we
used for the uniform sphere;
use the handout as a guide.)

Hint: Draw ,draw . . . lots of pictures!
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Cylindrical Geometry e.g: the infinite line of charge

E_j Side View
A = constant L
N N N N N N N N N N N N N N\
1
fr‘ ]
I
N
P
<« !
o0 \
A4 v v v \\4 \'"4 \\4 \'"4 A4 A4 A4 v v
\

For cylindrical symmetry, the field must be everywhere away from the axis
(positive charge) or everywhere toward the axis (negative charge).

Choose as a Gaussian surface a cylinder of length L and radius r, and apply Gauss’ Law:

E 1 curved surface b, = % E . d/f — Qin (Qin = part of line inside cylinder
and || to ends €0 = L|)|

O, (lefrend) +P. ‘(ym/end) +®, (curved surface) = 2nrLE =

LA

€0

So:!| £ = ﬁ — % Same thing we got in chapter 23.

2mTeQT r
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Planar Geometry e.g. Infinite Sheet of Charge
Ui

For this symmetry, the field must be
uniform and point away from the sheet
for positive charge and toward the

{ ; / ( {\ sheet for negative charge.
\

Choose a Gaussian surface to be a cylinder
with cross sectional area A and axis
parallel to the field. Apply Gauss’ Law:

eyf}
N
\'"4

A
v

N

v

N

v

N

v

(Qin = part of surface inside cylinder

= [n]A

E || curved surface O, = jg E-dA =
and L to ends

O, (left end) +P. (right end) +P, erace) = KA+ FA = [n]A

€0

So:| F = m Same thing we got in chapter 23.
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